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pAbstract Let X and Y be non-Archimedean normed spaces over a linear
ordered non-Archimedean ﬁeld K with a non-Archimedean valuation. A map-
ping f : Xﬁ Y preserves distance n if for all x, y 2 X with ix  yi = n it follows
that if(x)  f(y)i = n and conversely. In this paper we shall study, instead of
isometries, mappings satisfying the weaker assumption that they preserve dis-
tance in both directions. We shall prove that such mappings are not very far from
being isometries.
ª 2011 King Saud University. Production and hosting by Elsevier B.V.
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Alexandrov (1970) posed the question that: whether the existence of the single pre-
served distance implies that f is an isometry from the metric space E into itself.
Until now, the Alesandrov problem in linear normed spaces (Rassias and Semrl,
1993), linear 2-normed spaces (Chu et al., 2004) and linear n-normed spaces (Chuaud University. Production
.V. All rights reserved.
onsibility of King Saud
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136 D. Wang et al.et al., 2004) has been studied, and some theorems were proved under some condi-
tions. For more references on Alesandrov problem see Chen and Song, 2010;
Ding, 2006; Ma, 2000. A natural question is that: Whether the Alesandrov prob-
lem can be proved in non-Archimedean normed under some conditions.
A non-Archimedean ﬁeld is a ﬁeld K equipped with a function (valuation) Œ Œ
from K into [0,1) such that Œr Œ= 0 if and only if r= 0, Œrs Œ= Œr ŒŒs Œ, and
Œr+ s Œ 6 max{Œr Œ, Œs Œ} for all r; s 2 K: Clearly Œ1 Œ= Œ1 Œ= 1 and Œn Œ 6 1
for all n 2 N. An example of a non-Archimedean valuation is the mapping Œ Œ
taking everything but 0 into 1 and Œ0 Œ= 0. This valuation is called trivial.
If K is a ﬁeld, for any r 2 K then r= r1 + r2 is valid for any r1; r2 2 K with
r1 Æ r2 > 0. Another example of a non-Archimedean valuation is the mappingjrj1 ¼
0; if r ¼ 0;
1
r
; if r > 0;
 1
r
; if r < 0:
8><
>:for any r 2 K:
Let X be a vector space over a ﬁeld K with a non-Archimedean valuation Œ Œ. A
function iÆi : Xﬁ [0,1) is said to be a non-Archimedean norm if it satisﬁes the
following conditions:
(i) ixi = 0 if and only if x= 0;
(ii) krxk ¼ jrjkxkðr 2 K; x 2 X Þ;
(iii) the strong triangle inequalitykxþ yk 6 maxfkxk; kykgðx; y 2 XÞ:
Then (x, iÆi) is called a non-Archimedean space.
In this paper, we just consider only X and Y are non-Archimedean normed
spaces over a linear ordered non-Archimedean ﬁeld K with non-Archimedean val-
uation ŒÆŒ1 deﬁned above, if without special statements.
2. Main results
Deﬁnition 2.1. Let X and Y be two non-Archimedean normed spaces. A mapping f :
Xﬁ Y of X onto Y, is called an isometry ifkfðxÞ  fðyÞk ¼ kx yk
for all x, y 2 X.
If a mapping f of X onto Y is an isometry then the inverse mapping f1 : Yﬁ X
is an isometry of Y onto X.
Deﬁnition 2.2. Let X and Y be two non-Archimedean normed spaces. A mapping f :
Xﬁ Y satisﬁes the strong distance one preserving property (SDOPP) iff for all x,
y 2 X with ix  yi = 1 it follows that if(x)  f(y)i = 1 and conversely.
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Xﬁ Y satisﬁes the strong preserving distance n property (SDnPP) iff for all x,
y 2 X with ix  yi = n it follows that if(x)  f(y)i = n and conversely.
Deﬁnition 2.4. Let X and Y be two non-Archimedean normed spaces. We call a
mapping f : Xﬁ Y Lipschitz mapping if there is a K> 0 such thatkfðxÞ  fðyÞk 6 Kkx yk
for any x, y 2 X.
In this paper we shall study, instead of isometries, mapping satisfying the weak-
er assumption that they preserve distance n in both direction. We shall see that
such mappings are not far from being isometrics. More precisely we shall prove
Theorem 2.5. Let X and Y be non-Archimedean normed spaces such that one of them
has dimension greater than one. Suppose that f : Xﬁ Y is a surjective mapping
satisfying (SDnPP) for any interger n. Then f is an injective mapping satisfying1 < kfðxÞ  fðyÞk  kx yk < 1 ð1Þ
for all x, y 2 X.
Proof. We shall show that both spaces have dimension greater than one. Let us
ﬁrst assume that dimYP 2. Because f satisfying SDnPP, so f satisfying SDOPP.
It follows that there exist vectors x, y, z 2 Y such thatkx yk ¼ kx zk ¼ ky zk ¼ 1:
The mapping f is given to be surjective and to preserve distance one in both direc-
tions. Thus we can ﬁnd x1, y1, z1 2 X satisfyingkx1  y1k ¼ kx1  z1k ¼ ky1  z1k ¼ 1:
This implies that dimXP 2. Similarly, one can prove that if dimXP 2 then
dimYP 2. Claim that f is injective. Suppose on the contrary, that there are x,
y 2 X, x „ y, such that f(x) = f(y). We can ﬁnd a vector z 2 X such that
ix  zi = 1 and iz  yi „ 1. Then if(x)  f(z)i = if(y)  f(z)i = 1. This implies
that iy  zi = 1, which is a contradiction. Therefore f is a bijective mapping. Both
f and f1 preserve unit distance, more over f preserves distance n in both direction
for any positive integer n.
In the sequel we shall need the following notations:Bðx; rÞ ¼ fz : kz xk 6 rg;
B0ðx; rÞ ¼ fz : kz xk < rg;
Cxðn; nþ 1 ¼ fz : n < kz xk 6 nþ 1g:
138 D. Wang et al.Let x be an arbitrary vector in X and n any positive integer, n> 1. Assume that
z 2 B(x,n). Since dimXP 2, we can ﬁnd a sequence x= x0,x1, . . . ,xn = z, such
thatkxiþ1  xik ¼ 1; i ¼ 0; 1; 2; . . . ; n 1:
Consequently, we havekfðxnÞ  fðx0Þk ¼ kfðzÞ  fðxÞk 6 n:
Therefore,fðBðx; nÞÞ  BðfðxÞ; nÞ
The same result can be obtained for f1. Hence,fðBðx; nÞÞ ¼ BðfðxÞ; nÞ; x 2 X; n 2 N n f1g:
However, f is bijective and thusfðCxðn; nþ 1Þ ¼ CfðxÞðn; nþ 1; x 2 X; n 2 N n f1g: ð2Þ
We ﬁx an element x 2 X and choose z 2 Cx(1,2]. We know that f(z) 2 B(f(x),2).
The vector u= x+ iz  xi(z  x), thenku xk ¼ kkz xkðz xÞk ¼ kz xkkz xk ¼ 1so if(u)  f(x)i = 1. Since
ku zk 6 maxfku xk; kx zkg ¼ kx zkandkx zk 6 maxfkx uk; ku zkg ¼ ku zk:
Soku zk ¼ kx zk;
u is contained in Cz(1,2], According to (2) we have f(u) 2 Cf(z)(1,2]. Thus,kfðzÞ  fðuÞk > 1: ð3Þ
Let us assume that if(z)  f(x)i 6 1 holds, thenkfðzÞ  fðuÞk 6 maxfkfðxÞ  fðzÞk; kfðxÞ  fðuÞkg ¼ 1:
which contradicts (3).We have proved thatfðCxð1; 2Þ ¼ CfðxÞð1; 2:
The same result holds for the mapping f1. Consequently, the relationsfðCxð1; 2Þ ¼ CfðxÞð1; 2 and fðB0ðx; 1Þ ¼ B0ðfðxÞ; 1Þ
hold for all x 2 X. This together with (2) implies the inequality (1). h
The Aleksandrov problem on non-Archimedean normed space 139Theorem 2.6. Let X and Y be non-Arichimedean normed spaces and one of them has
dimension greater than one. Suppose that f : Xﬁ Y is a Lipschiz mapping with
K = 1:kfðxÞ  fðyÞk 6 kx yk for any x; y 2 X:Assume also that f is a surjective mapping satisfying (SDnPP) and
if(x)  f(y)i = ix  yi when ix  yi 6 1 for all x, y 2 X, then f is an isomety.
Proof. According to Theorem 2.5, f preserves distance n in both directions for any
positive integer n. Choose x, y 2 X and ﬁnd a positive integer n0P 2 satisfying
n0  1 6 ix  yi < n0. Assume thatkfðxÞ  fðyÞk < kx yk: ð4ÞSetz ¼ xþ kx yk
n0
ðx yÞ:Clearly,kz xk ¼ kx yk
n0
ðx yÞ

 ¼ n0
andkz yk ¼ kx yþ kx yk
n0
ðx yÞk ¼ 1þ kx yk
n0
 
ðx yÞ


¼ n0kx yk þ n0 kx yk < n0:It follows thatkfðzÞ  fðxÞk ¼ n0 and kfðzÞ  fðyÞk < n0:
On the other hand,kfðzÞ  fðxÞÞj 6 maxfkfðzÞ  fðyÞk; kfðyÞ  fðxÞkg < maxfn0; kx ykg ¼ n0;which contradictskfðxÞ  fðyÞk ¼ n0:
Therefore (4) is not valid. HencekfðxÞ  fðyÞk ¼ kx yk for any x; y 2 X;
which implies that f is a isometry. h
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